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ABSTRACT
Context. Magnetohydrodynamic (MHD) waves are ubiquitous in the solar atmosphere. In magnetic waveguides resonant absorption
due to plasma inhomogeneity naturally transfers wave energy from large-scale motions to small-scale motions. In the cooler parts of
the solar atmosphere as, e.g., the chromosphere, effects due to partial ionization may be relevant for wave dynamics and heating.
Aims. We study resonant Alfve´n waves in partially ionized plasmas.
Methods. We use the multifluid equations in the cold plasma approximation. We investigate propagating resonant MHD waves in
partially ionized flux tubes. We use approximate analytical theory based on normal modes in the thin tube and thin boundary approx-
imations along with numerical eigenvalue computations.
Results. We find that the jumps of the wave perturbations across the resonant layer are the same as in fully ionized plasmas. The
damping length due to resonant absorption is inversely proportional to the frequency, while that due to ion-neutral collisions is in-
versely proportional to the square of the frequency. For observed frequencies in the solar atmosphere, the amplitude of MHD kink
waves is more efficiently damped by resonant absorption than by ion-neutral collisions.
Conclusions. Most of the energy carried by chromospheric kink waves is converted into localized azimuthal Alfve´n waves that can
deposit energy in the coronal medium. The dissipation of wave energy in the chromosphere due to ion-neutral collisions is only
effective for high-frequency waves. The chromosphere acts as a filter for kink waves with periods shorter than 10 s.
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1. Introduction
Recent observations have shown the ubiquitous presence of
propagating magnetohydrodynamic (MHD) Alfve´nic waves
in the solar atmosphere. For example, Alfve´nic transverse
waves propagating in magnetic waveguides of the solar
corona were first observed by Tomczyk et al. (2007) and
Tomczyk & McIntosh (2009) using the Coronal Multichannel
Polarimeter (CoMP), and more recently by McIntosh et al.
(2011) using SDO/AIA. In chromospheric spicules, the presence
of Doppler oscillations is known for more than 40 years (see the
review by Zaqarashvili & Erde´lyi 2009). Recent observations of
Alfve´nic transverse waves in spicules have been reported by, e.g,
De Pontieu et al. (2007), Zaqarashvili et al. (2007), Kim et al.
(2008), He et al. (2009a,b), Okamoto & De Pontieu (2011). In
addition, propagating transverse waves in thin threads of so-
lar prominences have been observed (e.g., Lin et al. 2007,
2009) and Alfve´nic waves in bright points have been reported
(Jess et al. 2009). The role and implications of the observed
Alfve´nic waves for the heating of the solar atmosphere have been
discussed by, e.g., Erde´lyi & Fedun (2007); De Pontieu et al.
(2007); McIntosh et al. (2011); Cargill & De Moortel (2011).
Based on MHD wave theory, a number of works have
interpreted the observed waves as propagating kink MHD
waves (e.g., Erde´lyi & Fedun 2007; Van Doorsselaere et al.
2008; Lin et al. 2009; Pascoe et al. 2010, 2011; Terradas et al.
2010; Verth et al. 2010, 2011; Soler et al. 2011a,b,c). Kink
waves are transverse waves with mixed fast MHD and Alfve´nic
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properties (see, e.g., Edwin & Roberts 1983; Goossens et al.
2009). In thin magnetic tubes kink waves are highly Alfve´nic
because their dominant restoring force is magnetic tension
(Goossens et al. 2009). It has been shown that resonant absorp-
tion, caused by plasma inhomogeneity in the direction trans-
verse to the magnetic field, is a natural and efficient damp-
ing mechanism for kink waves (see the recent reviews by
Goossens et al. 2006; Goossens 2008; Goossens et al. 2011). In
magnetic waveguides resonant absorption transfers wave energy
from transverse kink motions to azimuthal motions localized in
the inhomogeneous part of the waveguide. This process has been
studied numerically by Pascoe et al. (2010, 2011) in the case of
driven kink waves in coronal waveguides.
Using analytical theory based on the thin tube and thin
boundary approximations, Terradas et al. (2010, hereafter TGV)
obtained that the damping length due to resonant absorption
is inversely proportional to the wave frequency. Therefore, it
was predicted that high-frequency kink waves become damped
in length scales shorter than low-frequency waves. Verth et al.
(2010) showed that this result is consistent with the CoMP
observations of damped coronal waves (Tomczyk et al. 2007;
Tomczyk & McIntosh 2009). Subsequent investigations have ex-
tended the original work by TGV by incorporating effects not
considered in their paper. For example, Soler et al. (2011b) took
the presence of flow into account, and Soler et al. (2011c) stud-
ied the influence of longitudinal density stratification. Both
works concluded that the damping length remains inversely pro-
portional to the frequency when flows and longitudinal stratifi-
cation are present.
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In TGV and subsequent works cited above, the plasma
is assumed fully ionized. However, the plasma in the cooler
parts of the solar atmosphere is only partially ionized as, e.g.,
in the chromosphere or in prominences. This fact raises the
relevant question on whether the damping length remains in-
versely proportional to the frequency when the plasma is par-
tially ionized or, on the contrary, this dependence is modi-
fied by the effect of ion-neutral collisions. The effect of par-
tial ionization on the damping of Alfve´n waves has been in-
vestigated in a large number of papers in different contexts.
Some examples are the works by, e.g., Haerendel (1992);
De Pontieu & Haerendel (1998); Pe´cseli & Engvold (2000);
De Pontieu et al. (2001); Forteza et al. (2007); Soler et al.
(2009a); Carbonell et al. (2010); Zaqarashvili et al. (2011a,b).
However, these works only focus on the role of partial ioniza-
tion for the damping and do not consider resonant absorption,
which is a basic and unavoidable phenomenon when plasma
and/or magnetic inhomogeneity is present.
To our knowledge, the first attempt to study resonant waves
in partially ionized plasmas was by Soler et al. (2009b). These
authors used the single-fluid approximation (see, e.g., Braginskii
1965) to investigate standing resonant kink waves in a model of
a partially ionized prominence thread. Subsequently, this first in-
vestigation was extended in Soler et al. (2011a, hereafter SOB)
to the case of propagating waves. The use of the single-fluid ap-
proximation, as in Soler et al. (2009b) and SOB, seems reason-
able as the expected values of the collision frequencies in the so-
lar atmosphere are much larger than the observed wave frequen-
cies. However, the single-fluid approximation misses important
effects when small length scales and/or high frequencies are in-
volved. In such cases, the multifluid description is a more suit-
able approach (see, e.g., Zaqarashvili et al. 2011a,b). For reso-
nant waves, perturbations develop very small length scales in the
vicinity of the resonance position (see, e.g., Tirry & Goossens
1996; Ruderman & Wright 1999; Vasquez 2005; Terradas et al.
2006), where multifluid effects may play a relevant role.
Here we perform a general description of propagating reso-
nant Alfve´nic waves in partially ionized plasmas using the mul-
tifluid treatment. Our work extends the investigation of SOB by
considering arbitrary values of the collision frequencies and by
performing a more in-depth analysis of the resonant process.
Section 2 contains a description of the equilibrium configura-
tion and the basic equations. In Section 3 the behavior of wave
perturbations around the Alfve´n resonance position are investi-
gated and jump relations for the perturbations are derived. Later,
in Section 4 we perform an application to resonant kink waves
in straight tubes and obtain expressions for the damping lengths
due to resonant absorption and ion-neutral collisions. The ap-
proximate analytical theory is complemented with fully numer-
ical eigenvalue computations. In Section 5 the implications of
our results for the particular case of chromospheric waves is dis-
cussed. Finally, we give our main conclusions in Section 6.
2. Equilibrium and basic equations
We consider a partially ionized plasma composed of ions, elec-
trons, and neutrals. We use cylindrical coordinates, namely r, ϕ,
and z for the radial, azimuthal, and longitudinal coordinates. The
medium is permeated by an equilibrium magnetic field, B, of the
form
B = Bϕeˆϕ + Bzeˆz. (1)
In general, both azimuthal, Bϕ, and longitudinal, Bz, components
are functions r. The equations governing the dynamics of a mag-
netized multifluid plasma are discussed in classical works as,
e.g., Cowling (1956) and Braginskii (1965), or more recently in
Birk et al. (1996) and Pinto et al. (2008). Recent investigations
which make extensive use of the multifluid description in the
context of MHD waves are Zaqarashvili et al. (2011a,b). We re-
fer the reader to these two papers for details about the derivation
of the equations. In brief, a partially ionized multifluid plasma is
governed by the equations of the different species, which contain
terms that couple the various fluids by means of collisions.
Here we study linear perturbations superimposed on the
equilibrium state. Due to the very small momentum of electrons,
we neglect the collisions of electrons with ions and neutrals. In
addition, we consider a magnetically dominated plasma and ne-
glect the gas pressure of ions compared to the Lorentz force, and
the gas pressure of neutrals compared to the collisional friction
with ions. This simplification neglects the plasma displacement
along the magnetic field direction and removes the slow or cusp
continuum from the equilibrium. Thus, in the present work we
focus on resonance absorption in the Alfve´n continuum only.
The inclusion of gas pressure is a subject for future works. Under
these conditions, the basic equations of our investigation are
ρi
∂vi
∂t
=
1
µ
(∇ × b) × B − ρiρnγin (vi − vn) , (2)
ρn
∂vn
∂t
= −ρiρnγin (vn − vi) , (3)
∂b
∂t
= ∇ × (vi × B) , (4)
where vi and vn are the velocities of ions and neutrals, respec-
tively, b is the magnetic field perturbation, ρi and ρn are the den-
sities of the ion and neutral fluids, respectively, µ is the magnetic
permittivity, and γin is the ion-neutral collision rate coefficient
per unit mass. Instead of using γin, in the remaining of this paper
we use the ion-neutral collision frequency, νin, which has a more
obvious physical meaning. The ion-neutral collision frequency
is defined as
νin = ρiγin. (5)
Equations (2) and (3) are the linearized momentum equations
of ions and neutrals, respectively. Equation (4) is the linearized
induction equation, in which we have omitted all nonideal, dif-
fusion terms as, e.g., magnetic resistivity. We do so because the
goal of the present paper is to assess the particular role of ion-
neutral collisions on the resonance absorption process. The ef-
fects of other dissipative mechanisms as, e.g, resistivity or vis-
cosity, have been extensively studied in the existing literature
(see the recent review by Goossens et al. 2011)
In this work the equilibrium quantities are functions of r
alone, so that the equilibrium is uniform in both azimuthal and
longitudinal directions. Hence we can write the perturbed quan-
tities proportional to exp (imϕ + ikzz), where m and kz are the az-
imuthal and longitudinal wavenumbers, respectively. We express
the temporal dependence of the perturbations as exp (−iωt),
with ω the frequency. Since there are no equilibrium flows, the
Lagrangian displacement of ions, ξi, and neutrals, ξn, are
ξi =
i
ω
vi, ξn =
i
ω
vn. (6)
From Equation (3) it is straightforward to derive the relation
between ξn and ξi, namely
ξn =
iνin
ω + iνin
ξi. (7)
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Equation (7) informs us that ξn and ξi are related to each other.
The factor of proportionally is a complex function of the wave
frequency,ω, and the ion-neutral collision frequency, νin. Hence,
there is a phase difference between the motions of ions and neu-
trals. Physically, this phase difference can be interpreted as the
“time delay” between the motions of ions and the corresponding
reaction of neutrals. Thus, for νin ≫ ω, ξn = ξi and the phase
difference is zero, i.e., ions and neutrals behave as a single fluid.
On the contrary, for νin ≪ ω ions and neutrals become decou-
pled from each other, i.e., the collisionless case. In the remaining
of this paper, we call the limits νin ≫ ω and νin ≪ ω the single-
fluid limit and the collisionless limit, respectively.
Although we perform a general analysis for arbitrary νin and
ω, we must note that νin ≫ ω is the realistic situation according
to the observed frequencies of MHD waves in the solar atmo-
sphere and the expected values of the collision frequency (see,
e.g., De Pontieu & Haerendel 1998; De Pontieu et al. 2001).
Thus, the case νin ≫ ω will receive special attention.
3. General expressions for resonant Alfve´n waves
In this section we study the properties of resonant MHD waves
in the Alfve´n continuum. We follow the notation used in, e.g.,
Sakurai et al. (1991); Goossens et al. (1992, 1995). We com-
bine Equations (2)–(4) to arrive at two coupled equations for
the radial component of the Lagrangian displacement of ions,
ξir = ivi · eˆr/ω, and the Eulerian perturbation of the total pres-
sure, P = B · b/µ, namely
Dd (rξir)dr = C1rξir − C2rP, (8)
DdPdr = C3ξir − C1P, (9)
with
D = ρiv2Ai
(
ω˜2 − ω2A
)
, (10)
C1 = 2
µ
B2ϕ
r
ω˜2 − v2Ai
2
µ
m
r2
fBBϕ, (11)
C2 = ω˜2 − v2Ai
(
m2
r2
+ k2z
)
, (12)
C3 = D
[
ρiv
2
Ai
(
ω˜2 − ω2A
)
+
2
µ
Bϕ
d
dr
(
Bϕ
r
)]
+
4
µ2
B4ϕ
r2
ω˜2 − 4
µ
ρiv
2
Aiω
2
A
B2ϕ
r2
, (13)
where v2Ai =
B2
µρi
is the square of the Alfve´n velocity of the ions,
with B2 = B2ϕ + B2z . In addition we have defined
fB = m
r
Bϕ + kzBz, (14)
ω2A =
1
µρi
f 2B , (15)
ω˜2 = ω2
ω + i (1 + α) νin
ω + iνin
, (16)
α =
ρn
ρi
. (17)
In these expressions, ωA is the local Alfve´n frequency for the
ions, ω˜ is the effective or modified frequency due to collisions,
and α indicates the plasma ionization degree.
3.1. Modified Alfve´n continuum
Equations (8) and (9) are singular when D = 0. As the equilib-
rium quantities are functions of r, the position of the singularity
is mobile and depends on the frequency, ω. The whole set of
frequencies satisfying D = 0 at some r form a continuum of
frequencies called the Alfve´n continuum (see, e.g., Appert et al.
1974). In the ideal, fully ionized case the condition D = 0 is
satisfied where the frequency, ω, matches the local Alfve´n fre-
quency, ωA.
We investigate how the Alfve´n continuum is affected by ion-
neutral collisions. The equation D = 0, which D defined in
Equation (10), can be rewritten as a third-order polynomial in
ω, namely
ω3 + i (1 + α) νinω2 − ω2Aω − iνinω2A = 0. (18)
Equation (18) describes the Alfve´n continuum modified by ion-
neutral collisions. For νin = 0 we recover the ideal Alfve´n con-
tinuum in a fully ionized plasma, i.e., ω = ±ωA. Note that
Equation (18) and so the continuum frequencies are independent
of m.
To shed light on the effect of ion-neutral collisions, it is con-
venient to rewrite Equation (18) in the following form
ω2 − ω2A
1 + i νin
ω
1 + i (1 + α) νin
ω
= 0. (19)
This enables us to easily evaluate the continuum frequencies at
the limits νin ≫ ω and νin ≪ ω, namely
ω ≈
{
±ωA (1 + α)−1 , for νin ≫ ω,
±ωA, for νin ≪ ω. (20)
In the limit νin ≪ ω we obtain again the continuum frequencies
of the ideal, collisionless case. In the limit νin ≫ ω, the contin-
uum frequencies are modified by the plasma ionization degree
but the frequencies remain real, so that the position of the sin-
gularity of Equations (8) and (9) is shifted with respect to the
collisionless case.
The limits νin ≫ ω and νin ≪ ω are extreme cases. Now,
we explore the continuum frequencies for arbitrary νin to have
a complete picture of the role of ion-neutral collisions. For ar-
bitrary νin we find an approximate solution to Equation (18) by
assuming that the effect of collisions on the continuum is to pro-
duce a weak damping of the continuum modes. This means that
the continuum frequencies are assumed complex and that their
real parts are taken the same as in the collisionless case. Thus
we write ω ≈ ±ωA + iγ, with γ ≪ ωA, and put this expression in
Equation (18). After neglecting terms with O
(
γ2
)
we obtain the
modified Alfve´n continuum frequencies, namely
ω ≈ ±ωA − i12ανin. (21)
Equation (21) shows that the continuum frequencies in a par-
tially ionized plasma are complex. Based on this result we antic-
ipate that waves driven with a real frequency ω will not produce
true singularities in Equations (8) and (9) since the Alfve´n con-
tinuum frequencies are in the complex plane. This means that the
singularity is removed in a partially ionized plasma even in the
absence of additional dissipative mechanisms as, e.g., resistivity
or viscosity.
As the two solutions given in Equation (21) are complex,
the third solution to Equation (18) must be purely imaginary.
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So, we write ω ≈ iγ and neglect terms with O
(
γ2
)
to obtain an
expression for the third solution, namely
ω ≈ −iνin, (22)
which corresponds to a purely damped, nonpropagating mode
whose damping rate is given by the collision frequency. The
presence of this third solution is not relevant for our subsequent
analysis.
3.2. Behavior of perturbations around the resonance position
Here our purpose is to assess the behavior of the perturbed quan-
tities around the position of the ideal Alfve´n resonance. We de-
note by rA the ideal Alfve´n resonance position. The value of rA is
obtained from the ideal resonance condition, i.e., ω2 = ω2A(rA),
where ω is assumed to be real. Around r = rA the behavior of
the perturbations is dominated by the resonance. At r = rA ion-
neutral collisions become relevant to remove the singularity of
the coefficient D in Equations (8) and (9), while their effect on
the rest of coefficients is minor. This means that around r = rA
we can take the ideal expressions of coefficients C1, C2, and C3,
and only keep the terms related to collisions in the expression of
coefficientD.
We define the new variable s = r − rA. The ideal coefficients
C1, C2, and C3 at s = 0 become the following constant terms,
C1 ≈ −2
µ
BϕBz
rA
fBgB
µρi
, (23)
C2 ≈ −
g2B
µρi
, (24)
C3 ≈ − 4
µ2
B2ϕB2z
r2A
f 2B
µρi
, (25)
with gB = mrA Bz − kzBϕ. All quantities in Equations (23)–(24)
have to be evaluated at s = 0. Then we can rewrite Equations (8)
and (9) as
Ddξirds ≈
gB
µρi
CA, (26)
DdPds ≈
2
µ
BϕBz
rA
fB
µρi
CA, (27)
DdCAds ≈ 0, (28)
where CA is defined as
CA = gBP − 2
µ
BϕBz
rA
fBξir . (29)
The quantity CA is approximately conserved across the res-
onance position. This is the same conservation law as that
in ideal and dissipative MHD (e.g., Sakurai et al. 1991;
Goossens et al. 1995; Tirry & Goossens 1996). The Lagrangian
displacement perpendicular to the magnetic field lines, ξi⊥ =(
ξiϕBz − ξizBϕ
)
/B, is related to CA as
Dξi⊥ = i B
µρi
CA. (30)
Next we approximate the coefficient D by its first-order
Taylor polynomial around s = 0. The linear expansion of D is
approximately valid in the interval −sA < s < sA, with sA satis-
fying the relation sA ≪
∣∣∣(ω2A)′/(ω2A)′′∣∣∣, where the prime denotes
radial derivative. The resulting expression is
D ≈ ρiv2Ai∆A (Λ + s) , (31)
with
∆A =
d
ds
(
ω2 − ω2A
)
, (32)
and Λ = ΛR + iΛI, where ΛR and ΛI are the real and imaginary
parts of Λ, respectively, given by
ΛR =
ω2
∆A
αν2in
ω2 + ν2in
, ΛI =
ω2
∆A
αωνin
ω2 + ν2in
. (33)
As before all quantities in the previous expressions have to be
evaluated at s = 0. We find a constant complex term, Λ, in the
expansion of D (Equation (31)). The presence of this term re-
moves the singularity of the solutions, so that D , 0 for s = 0.
We use Equation (31) to rewrite Equations (26) and (27) as
dξir
ds ≈
gB
µρi2v
2
Ai
CA
∆A
1
Λ + s
, (34)
dP
ds ≈
2
µ
BϕBz
rA
fB
µρi2v
2
Ai
CA
∆A
1
Λ + s
. (35)
For our subsequent analysis it is convenient to use the scaled
variable τ defined as
τ =
s + ΛR
ΛI
. (36)
Then we integrate Equations (34) and (35) and obtain
ξir ≈ gB
µρi2v
2
Ai
CA
∆A
G(τ) + Cξ, (37)
P ≈ 2
µ
BϕBz
rA
fB
µρi2v
2
Ai
CA
∆A
G(τ) + CP, (38)
where Cξ and CP are constants of integration. The G(τ) function
is defined as
G(τ) ≡ ln (τ + i) . (39)
We separate the real and imaginary parts of G(τ), namely
ℜ (G(τ)) = ln
√
τ2 + 1, (40)
ℑ (G(τ)) =
{
arctan τ−1 + pi, for τ < 0,
arctan τ−1, for τ > 0. (41)
Note that we need to add pi to the imaginary part of G(τ) for
τ < 0 in order to make the solution continuous and analytic at
τ = 0. This is not a problem since we can always incorporate a
constant of integration.
From Equation (30) we obtain that the perpendicular dis-
placement behaves as
ξi⊥ ≈ CA
ρiB
1
∆AΛI
F (τ), (42)
with F (τ) defined as
F (τ) ≡ i
τ + i
. (43)
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Fig. 1. Real (solid line) and imaginary (dashed line) of functions
a) F (τ) and b) G(τ).
We separate the real and imaginary parts of F (τ), namely
ℜ (F (τ)) = 1
τ2 + 1
, ℑ (F (τ)) = τ
τ2 + 1
. (44)
Functions F (τ) and G(τ) play here the role of the
universal functions found in a number of previous inves-
tigations of resonant waves in both stationary and non-
stationary states and for different dissipative processes
(see, e.g., Mok & Einaudi 1985; Goossens et al. 1995;
Ruderman et al. 1995; Tirry & Goossens 1996; Erde´lyi et al.
1995; Wright & Allan 1996; Ruderman & Wright 1999;
Vanlommel et al. 2002). A comprehensive review on the
importance and properties of the universal F (τ) and G(τ)
functions can be found in Goossens et al. (2011). In particular,
our F (τ) and G(τ) functions coincide with the functions found
by Wright & Allan (1996) for magnetospheric Alfve´n waves
damped by Pedersen conductivity (see their Equations (23)
and (24)), and are also equivalent to the functions described by
Vanlommel et al. (2002) for non-stationary quasi-modes in the
cusp continuum (see their Equation (16)). Figure 1 displays the
real and imaginary parts of functions F (τ) and G(τ).
Ion-neutral collisions generate a collisional layer around the
location of the resonance, i.e., τ = 0, in a similar way as re-
sistivity and/or viscosity generate a dissipative layer (see, e.g.,
Hollweg & Yang 1988; Poedts et al. 1990a; Sakurai et al. 1991).
The thickness of the collisional layer, δ, is proportional to ΛI,
namely
δ ∼ |ΛI| = ω
2
|∆A|
αωνin
ω2 + ν2in
. (45)
It can be seen that δ → 0 in both limits νin ≫ ω and νin ≪
ω, whereas δ takes its maximum value for νin = ω. This result
points out that the collisional layer is extremely thin for realistic
collision frequencies, i.e,, νin ≫ ω.
3.3. Jump Conditions
Here we use the expressions derived in the last section to deter-
mine the jump of the perturbations across the collisional layer.
In the scaled variable τ and assuming ω > 0, the limits s → ±sA
are equivalent to the limits τ → ±sign(∆A)∞. We denote by [X]
the jump of the quantity X across the collisional layer, which we
define as
[X] = lim
τ→sign(∆A)∞
X(τ) − lim
τ→−sign(∆A)∞
X(τ). (46)
Hence, the jumps of ξir and P are
[
ξir
]
=
gB
µρi2v
2
Ai
CA
∆A
[G], (47)
[P] = 2
µ
BϕBz
rA
fB
µρi2v
2
Ai
CA
∆A
[G]. (48)
To calculate the jumps of ξir and P we need the jump of G,
namely
[G] = −isign(∆A)pi. (49)
Then it is straightforward to obtain
[ξir] = −ipi gB
µρi2v
2
Ai
CA
|∆A| , (50)
[P] = −ipi2
µ
BϕBz
rA
fB
µρi2v
2
Ai
CA
|∆A| . (51)
We find the remarkable result that these jumps are the same
as obtained for ideal and dissipative MHD (e.g., Sakurai et al.
1991; Goossens et al. 1995; Ruderman et al. 1995). This means
that ion-neutral collisions do not modify the jumps of the plasma
perturbations across the resonant layer. In the particular case of
a straight magnetic field, i.e., Bϕ = 0, the conserved quantity
across the resonant layer is proportional to the total pressure per-
turbation, and the jump conditions for ξir and P (Equations (50)
and (51)) become
[ξir] = −ipi
m2/r2A
ρi |∆A|P, [P] = 0. (52)
Finally, the asymptotic expansion of functionF for τ→ ±∞
gives as the asymptotic behavior of ξi⊥ when we move away
from the resonance position as
ξi⊥ ∼ CA
ρiB
1
∆AΛI
i
τ
, (53)
which again corresponds with the asymptotic dependence τ−1
found in both ideal and dissipative MHD.
In this Section we have studied the case of propagating
waves, i.e., real ω and complex kz. However, most of the analysis
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is equivalent for the case of standing quasi-modes, i.e., complex
ω and real kz. In particular, the jump conditions (Equations (50)
and (51)) are exactly the same for both propagating and stand-
ing modes. We refer the reader to, e.g., Tirry & Goossens (1996)
and Vanlommel et al. (2002) for details about the derivation of
the jump conditions for standing quasi-modes.
4. Kink waves in straight tubes
Here we perform an application of the theory of Section 3 to the
case of propagating resonant kink waves in straight flux tubes.
We consider a straight magnetic cylinder of radius R with a
constant vertical magnetic field, i.e., Bϕ = 0 and Bz = constant.
The tube is homogeneous in the longitudinal direction. In the
radial direction, the tube is composed of an internal region with
constant ion density ρi1, a nonuniform transitional layer of thick-
ness l, and an external region with constant ion density ρi2. In the
nonuniform layer the density changes continuously from the in-
ternal to the external values in the interval R− l/2 < r < R+ l/2.
Hereafter, indices ‘1’ and ‘2’ refer to the internal and external
regions, respectively. For the sake of simplicity, the parameter
α is taken constant everywhere so that the neutral density, ρn,
follows the radial dependence of the ion density. The ion-neutral
collision frequency, νin, is also a constant to simplify matters.
We restrict ourselves to the case of thin tubes, i.e., the wave-
length is much longer than the radius of the tube. For propagat-
ing waves the thin tube (TT) approximation is equivalent to the
low-frequency approximation, i.e., ωR/vk ≪ 1, with vk the kink
velocity of ions defined as
vk =
√
ρi1v
2
Ai1 + ρi2v
2
Ai2
ρi1 + ρi2
. (54)
To check whether this approximation is realistic, let us
consider the properties of the observed waves propagat-
ing in chromospheric spicules (e.g., De Pontieu et al. 2007;
Okamoto & De Pontieu 2011). Taking R = 200 km for the
spicule radius and vk = 270 km s−1 for the averaged phase ve-
locity as estimated by Okamoto & De Pontieu (2011), we obtain
ωR/vk ≈ 0.1 for a period of 45 s (Okamoto & De Pontieu 2011)
and ωR/vk ≈ 0.02 for a period of 3 min (De Pontieu et al. 2007).
Therefore, the use of the TT approximation is justified.
Additionally, we use the Thin Boundary (TB) approximation
(see, e.g., Hollweg & Yang 1988) and assume l/R ≪ 1. The TB
approximation enables us to use the jump conditions given in
Equation (52) as boundary conditions for the wave perturbations
at the tube boundary. Detailed explanations of this method can
be found in, e.g., Goossens et al. (2006) and Goossens (2008).
Doing so, we arrive at the dispersion relation for resonant kink
(m = 1) and fluting (m ≥ 2) waves in the TT and TB approxima-
tions. For simplicity we omit the intermediate steps which can
be found in, e.g., Goossens et al. (1992). The dispersion relation
is
1
ρi1
(
ω˜2 − ω2A1
) + 1
ρi2
(
ω˜2 − ω2A2
) = ipi m/R
ρi(R) |∆A |R
. (55)
In Equation (55) we approximated rA ≈ R. The effect
of ion-neutral collisions is enclosed in the definition of
ω˜ (Equation (16)). For fixed and real ω the solution of
Equation (55) is a complex longitudinal wavenumber, kz =
kzR + ikzI, where kzR and kzI are the real and imaginary parts of
kz, respectively. In the present normal mode analysis, which rep-
resents the stationary state of wave propagation, the amplitude
of the propagating wave is proportional to exp (−z/LD), with LD
the damping length defined as
LD =
1
kzI
. (56)
We investigate kink waves and set m = 1. In the absence of
resonant absorption the right-hand side of Equation (55) is zero.
In such a case, we can obtain an approximate expression for k2zR
by assuming k2zI ≪ k2zR, namely
k2zR ≈
ω2
v2k
ω2 + (1 + α) ν2in
ω2 + ν2in
. (57)
In the single-fluid limit, νin ≫ ω and k2zR ≈ ω2 (1 + α) /v2k, while
in the fully ionized case α = 0 and k2zR ≈ ω2/v2k. Note that the
expressions for k2zR in the single-fluid and fully ionized cases dif-
fer by a factor (1 + α). SOB studied propagating kink waves in
the single-fluid approximation and found the same expression
for k2zR for both partially ionized and fully ionized plasmas (see
their Equations (11) and (15)). The reason is that SOB used a
slightly different definition of the kink velocity, vk. Here, the
kink velocity is defined using the ion density only, while SOB
defined vk using the total (ion + neutral) density. In SOB the to-
tal density is fixed and the effect of the ionization degree is to
change the relative ion and neutral densities. On the contrary,
here the ion density is a fixed parameter while the amount of
neutrals depends on the ionization degree.
4.1. Approximate expression for the damping length
Here we seek an approximate expression for LD. First we evalu-
ate the factor ρi(R) |∆A|R in Equation (55) by using the resonant
condition ω2 = ω2A (R), namely
ρi(R) |∆A|R = ω2
∣∣∣∣∣dρidr
∣∣∣∣∣
R
, (58)
where |dρi/dr|R is the radial derivative of the density profile at
r = R. Next we write kz = kzR+ikzI and assume weak damping, so
we neglect terms with O
(
k2zI
)
. An expression for the ratio kzI/kzR
is obtained from Equation (55), namely
kzI
kzR
≈ 1
2
αωνin
ω2 + (1 + α) ν2in
+
pi
8
1
R
(
ρi1 − ρi2
)2
ρi1 + ρi2
1
|dρi/dr|R
. (59)
Now we express |dρi/dr|R as∣∣∣∣∣dρidr
∣∣∣∣∣
R
= F
pi2
4
ρi1 − ρi2
l , (60)
with F a numerical factor that depends on the form of the
density profile. For example, F = 4/pi2 for a linear profile
(Goossens et al. 2002) and F = 2/pi for a sinusoidal pro-
file (Ruderman & Roberts 2002). We assume that kzR is ap-
proximately the same as in case without resonant damping
(Equation (57)) and work on Equation (59) to find the expres-
sion for LD as,
1
LD
≈ 1
LD,RA
+
1
LD,IN
, (61)
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with LD,RA and LD,IN the damping lengths due to resonant ab-
sorption and ion-neutral collisions, respectively, given by
LD,RA = 2piF vk Rl
ζ + 1
ζ − 1
1
ω
 ω2 + ν2in
ω2 + (1 + α) ν2in
1/2 , (62)
LD,IN = 2vk
(
ω2 + (1 + α) ν2in
)1/2 (
ω2 + ν2in
)1/2
αω2νin
, (63)
with ζ = ρi1/ρi2 the ion density contrast. Importantly, we find
that both the collision frequency, νin, and the ionization de-
gree, α, are present in the expression of the damping length
by resonant absorption (Equation (62)). In the single-fluid limit
(νin ≫ ω) Equations (62) and (63) become
LD,RA ≈ 2piF vk Rl
ζ + 1
ζ − 1
1
ω
(1 + α)−1/2 , (64)
LD,IN ≈ 2vk (1 + α)
1/2 νin
α
1
ω2
. (65)
The damping length due to resonant absorption in the single-
fluid limit is inversely proportional to the frequency as in TGV.
Indeed, in the fully ionized case (α = 0) Equations (62) and
(64) become Equation (22) of TGV. For a partially ionized
plasma LD,RA also depends on the ionization degree, α. The de-
pendence on the ionization degree was not discussed by SOB.
SOB obtained an expression for the ratio of the damping length
to the wavelength (see their Equation (20)) and did not ex-
plicitly write the expression for the damping length. It turns
out that the factor containing the ionization degree cancels out
when the ratio of the damping length to the wavelength is com-
puted, and so the dependence of LD,RA on the ionization de-
gree was not noticed by SOB. The damping length by ion-
neutral collisions in the single-fluid limit (Equation (65)) is in-
versely proportional to ω2. This result is consistent with the ex-
pressions found by, e.g, Haerendel (1992); Pe´cseli & Engvold
(2000); De Pontieu & Haerendel (1998), and SOB among oth-
ers.
Figure 2 shows LD/R versus νin/ω for a particular set of pa-
rameters given in the caption of the Figure. The total damping
length (solid line) has a minimum for νin ∼ ω. The reason for this
behavior is that damping by ion-neutral collisions (dotted line)
becomes more relevant than resonant damping (dashed line) for
νin ∼ ω. In both the collisionless (νin ≪ ω) and single-fluid
(νin ≫ ω) limits, the total damping length is well approximated
by the damping length due to resonant absorption. In particular,
for νin ≫ ω the result tends to that predicted by Equation (64).
Now we fix the collision frequency to νinR/vk = 100 and
compute LD/R as a function of ωR/vk (see Figure 3). The re-
maining parameters are the same as in Figure 2. Although the
observed wave frequencies in the solar atmosphere correspond
to ωR/vk ≪ 1, it is interesting to perform a general study
for high values of the frequency. Our results point out that the
damping of the kink wave is governed by different mechanisms
depending on the value of ωR/vk. We find that the damping
length for ωR/vk ≪ 1 is dominated by resonant absorption. Ion-
neutral collisions start to become important when ωR/vk ∼ 10.
Finally, collisions are the dominant damping mechanism for
large ωR/vk. We must note that the analytical solution in the
TT approximation may not provide accurate results for values
of ωR/vk departing from the limit ωR/vk ≪ 1. For this reason,
numerical eigenvalue computations which overcome the limita-
tions of the analytical approximations are performed in the next
Subsection.
Fig. 2. LD/R vs. νin/ω for the kink wave in a magnetic flux tube
with l/R = 0.2, α = 0.5, ζ = 10, F = 2/pi, and ωR/vk = 0.1. The
solid line is the total damping length in the TT and TB approx-
imations computed from Equation (61). The dashed line is the
damping length due to resonant absorption (Equation (62)) only,
and the dotted line is the damping length due to ion-neutral col-
lisions (Equation (63)) only. Symbols ^ correspond to the full
numerical eigenvalue results.
Fig. 3. LD/R vs. ωR/vk with νinR/vk = 100. The remaining pa-
rameters and the meaning of the line styles are the same as in
Figure 2.
4.2. Numerical results
Here we compare the approximate analytical result obtained by
solving the dispersion relation in the TT and TB approxima-
tions (Equation (61)) with the damping length obtained by solv-
ing the full eigenvalue problem numerically. The numerical so-
lution is not limited by the TT and TB approximations. The
numerical code is similar to that used in TGV and Soler et al.
(2011b). The reader is refereed to these papers for details of
the numerical scheme. In short, Equations (2)–(4) are integrated
in the radial direction assuming a time dependence of the form
exp (−iωt) and a spatial dependence in the ϕ and z directions as
exp (iϕ + ikzz). The code solves the eigenvalue problem for the
temporal damping of standing waves, i.e., complex ω provided
a fixed and real kz. To study spatial damping we need to convert
the results from complex ω and real kz to real ω and complex kz.
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The conversion is done following the method explained in TGV
(see their Equation (40)).
First, we consider the same parameters as in Figure 2 and
compute the numerically determined LD/R versus νin/ω. To
compare with the analytical approximation, the numerical result
is plotted using symbols ^ in Figure 2. A very good agreement
between approximate and numerical results is found. This means
that for ωR/vk ≪ 1 the approximate analytical theory provides
accurate results.
Next we numerically explore the effect of increasing the
wave frequency. We take the same parameters as in Figure 3.
Again, we use symbols ^ to represent the eigenvalue result
in Figure 3. We find that in the eigenvalue computations the
transition between the regime dominated by resonant damp-
ing and that dominated by collisional damping occurs around
ωR/vk ∼ 1, while in the analytical approximation collisions start
to become important for ωR/vk ∼ 10. This discrepancy is an ef-
fect of the TT approximation. For realistic values of the wave
frequency (ωR/vk ∼ 10−2 − 10−1) both numerical and analytic
results are in excellent agreement.
5. Chromospheric kink waves
The results of Section 4 have direct implications for MHD waves
propagating in partially ionized plasmas of the solar atmosphere.
For kink waves studied in this paper, both resonant absorption
and ion-neutral collisions decrease the amplitude of the waves.
However, the two processes represent very different physical
mechanisms.
On the one hand, resonant absorption is an ideal process that
transfers wave energy from global kink motions to localized az-
imuthal motions within the transversely inhomogeneous part of
the flux tube. These azimuthal motions keep propagating along
magnetic field lines (see the numerical simulations by, e.g.,
Pascoe et al. 2010, 2011). A detailed investigation of the energy
transfer in the case of standing waves was done in Arregui et al.
(2011) by analyzing the Poynting flux in a two-dimensional con-
figuration. However, resonant absorption itself does not dissipate
wave energy in the plasma. The energy fed into the inhomoge-
neous layer will be dissipated by another mechanism later (see,
e.g., the results of Poedts et al. 1989a,b, 1990a,b,c, in resistive
MHD). Hence, the damping length due to resonant absorption,
LD,RA, represents the length scale for the kink motions to be con-
verted into azimuthal motions.
On the other hand, ion-neutral collisions is a true dissipative
process which deposits wave energy in situ and so it contributes
to plasma heating. Hence, the damping length due to ion-neutral
collisions, LD,IN, represents the length scale for the kink wave
energy to be dissipated by ion-neutral collisions. By comparing
the values of LD,RA and LD,IN we can estimate the fraction of en-
ergy converted to Alfve´nic, azimuthal motions and the fraction
of energy dissipated by collisions.
Let us apply this theory to kink waves propagating along
chromospheric waveguides (spicules). We assume that the driver
of the waves is located at the photosperic level and the waves
propagate through the chromosphere to the corona. We take
the variation of physical parameters with height (e.g., density,
temperature, ionization degree, etc.) from the VALC model
(Vernazza et al. 1981). For the chromospheric magnetic field we
consider the model used by Leake & Arber (2006). Then we use
Equations (64) and (65) to compute the values of LD,RA and
LD,IN. As the physical parameters change along the spicule, both
LD,RA and LD,IN are functions of height in the chromosphere. We
Fig. 4. (a) LD,RA (solid line) and LD,IN (dashed line) vs. height
above the photosphere for a wave period of 45 s. (b) Averaged
LD,RA (solid line) and LD,IN (dashed line) in the chromosphere
vs. wave period. The horizontal dotted line represents the height
of the chromosphere above the photosphere.
plot in Figure 4(a) the values of the damping lengths as func-
tions of height for a wave period of 45 s (Okamoto & De Pontieu
2011). The damping length due to resonant absorption increases
with height. This is an effect of the increase of the kink velocity,
vk, with height (Soler et al. 2011c). At low heights, LD,RA is com-
parable to the thickness of the whole chromosphere, meaning
that a large fraction of wave energy is in the form of azimuthal
motions when the wave reaches the coronal level. On the con-
trary, LD,IN is several orders of magnitude longer. As LD,IN de-
creases with height, the effect of collisions is more important in
the upper chromosphere.
Next, we calculate the damping length averaged along the
spicule, ¯LD, as
¯LD =
1
H
∫ H
0
LD(s)ds, (66)
where s represents the direction along the spicule and H is the
height of the chromosphere above the photosphere. We take
H = 3,000 km. Equation (66) is used to calculate the averaged
values of both LD,RA and LD,IN. We plot in Figure 4(b) the av-
eraged values of the damping lengths as functions of the wave
period. First, we obtain that the averaged LD,IN is several or-
ders of magnitude longer than the averaged LD,RA in the range
of periods taken into account in Figure 4(b). This means that
ion-neutral collisions have little impact on wave propagation.
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On the contrary, the averaged LD,RA for periods less than 10 s
is smaller than or of the same order as the height of the chromo-
sphere. This result points out that only waves with periods longer
than 10 s are able to reach the coronal level in the form of kink
motions. Waves with shorter periods reach the corona as small-
scale azimuthal motions, which are unobservable with present
day instruments. This effectively imposes a lower limit for the
period of kink waves observable in the corona. This is consistent
with the observed periods of coronal waves (e.g., Tomczyk et al.
2007; Tomczyk & McIntosh 2009; McIntosh et al. 2011).
6. Conclusion
In this paper we have investigated resonant Alfve´n waves in par-
tially ionized plasmas. We find that the conserved quantity at
the resonance and the jump of the perturbations across the res-
onant layer are the same as in fully ionized, ideal plasmas. We
have derived expressions for the damping lengths due to reso-
nant absorption and due to ion-neutral collisions for the case of
propagating kink waves in straight magnetic tubes. In the limit of
large collision frequencies, the damping length due to resonant
absorption is inverselly proportional to the frequency as in the
fully ionized case (see Terradas et al. 2010), whereas the damp-
ing length due to ion-neutral collisions is inverselly proportional
to the square of the frequency. We have applied the theory to the
case of chromospheric kink waves propagating from the photo-
sphere to the corona. We conclude that the solar chromosphere
acts as a filter for kink waves. Waves with peridos shorter than
10 s, approximetely, reach the corona in the form of small-scale
azimuthal waves. Only waves with periods longer than 10 s can
be observed in the corona as kink waves.
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